Abstract. In this paper we extend the HEALPix discrete global grid system (DGGS) to ellipsoids of revolution, thereby broadening its possible applications. Elaborating on the work of Calabretta and Roukema [Mapping on the HEALPix grid, Monthly Notices of the Royal Astronomical Society 381 (2007), no. 2, 865872.], we also rearrange the HEALPix map projection and build a new DGGS on top of it, which we call the rHEALPix DGGS. The rHEALPix DGGS has all the key features of the HEALPix DGGS, and its planar projection consists of horizontal-vertical aligned nested square grids, which makes it easy to understand and display. We present all the formulas and algorithms necessary for a basic implementation of the rHEALPix DGGS and link to our own open source implementation thereof.
Introduction
A discrete global grid is a finite partition of the surface of an ellipsoid (which could be a sphere) along with a set of distinguished points, one point in each partition element. A partition element is called a cell and its unique associated point is called a nucleus herein * . A discrete global grid system (DGGS) is a sequence of discrete global grids, usually of increasingly finer resolution. DGGSs are used to store and analyze ellipsoidal spatial data to study celestial and planetary phenomena such as cosmic microwave background radiation and global warming [SWK03] .
The HEALPix DGGS was introduced in [GHB + 05] to study cosmic microwave background radiation and has the following key features.
(i) It is hierarchical, congruent, aligned for odd values of an integer parameter N side , and constant aperture, which makes it easy to implement with efficient data structures. (ii) At every resolution its grid cells have equal areas, which provides equal probabilities for statistical analyses. (iii) At each resolution its k nuclei lie on only Θ( √ k) parallels of latitude, which makes computing spherical harmonics fast. (iv) Its planar projection has low average angular and linear distortion, which means that on average it distorts angles and lengths of small regions minimally. In this paper we extend the HEALPix DGGS, which was initially defined for spheres only, so that:
(v) It can be used on ellipsoids of revolution such as the WGS84 ellipsoid, which is also used by the Global Positioning System and most satellite-based sensors. We do this while preserving features (i)-(iv) and thereby broaden the possible applications of the HEALPix DGGS.
Elaborating on the work of [CR07, Section 3.1], we also rearrange the underlying HEALPix map projection into what we call the rHEALPix map projection and detail a DGGS for ellipsoids of revolution based upon it, which we call the rHEALPix DGGS. The rHEALPix DGGS also has features (i)- (v) and, in addition, satisfies: (vi) Its planar projection consists of horizontal-vertical aligned nested square grids, which makes it easy to understand and display. So by the criteria 1, 2, 6, 8, 9, 12, and 14 of [KSWS99] , the rHEALPix DGGS is a good choice of DGGS for storage and analysis of ellipsoidal spatial data and an especially good choice when harmonic analysis is required.
The rHEALPix DGGS can be construed as a mapping of an ellipsoid of revolution onto a regular polyhedron, namely a cube, followed by a symmetric hierarchical partitioning of the polyhedral faces along with a choice of nuclei, followed by the inverse mapping of the result back onto the ellipsoid. Thus the rHEALPix DGGS is an example of a geodesic DGGS, specifically a cubic geodesic DGGS [SWK03] .
To the best of our knowledge, the rHEALPix DGGS and other variants of the HEALPix DGGS are the only DGGSs satisfying properties (i)-(vi) † . Other prominent DGGSs that come close are the COBE DGGS [CO75] , its variant [OL76] , and the SAND DGGS [AS00] , all of which are cubic geodesic DGGSs. They satisfy properties (i) (they can be made aligned by introducing an N side parameter), (ii) (approximately so for COBE), (iv), (v) (after adjustment), and (vi), but fail (iii) because they have Θ(k) nucleus parallels. Check SAND claim. Similarly, Snyder's equal-area cubic projection [Sny92] can be rotated and partitioned to yield a cubic DGGS satisfying all properties (i)-(vi) except (iii), because it also will have Θ(k) nucleus parallels.
Of course, in applications where features (i)-(vi) are not required, the rHEALPix DGGS might not be appropriate. For example, fluid flow models typically require grids with uniform adjacency, ones where all cells that share boundaries share edge boundaries. In that case, grids with hexagonal rather than quadrilateral cells are appropriate [SWK03, page 127] .
Our implementations of the extended HEALPix and rHEALPix map projections can be found in the forthcoming release (after 4.8) of the PROJ.4 cartographic library, and our Python implementation of the rHEALPix DGGS can be found at Landcare Research's git repository http://code.scenzgrid.org/index.php/p/scenzgrid-py/. Both of these implementations are open source and based upon the formulas and algorithms included herein.
Defining the rHEALPix DGGS
Choose a base ellipsoid of revolution, hereafter referred to as the ellipsoid, and place a geodetic longitude-latitude coordinate frame upon it. For instance, the ellipsoid could be the WGS84 ellipsoid with the WGS84 coordinate frame. Let R q denote the radius of the ellipsoid's authalic sphere, the unique sphere having the same surface area as the ellipsoid. In case of the WGS84 ellipsoid, R q = 6, 374, 581.4671 m. For mathematical convenience, we measure all angles in radians and all lengths in meters unless indicated otherwise.
Extending the HEALPix DGGS from a sphere to the ellipsoid while preserving features (i)-(iv) is straightforward. Simply (a) map the ellipsoid onto its authalic sphere in the † As also mentioned in [CR07, Section 3], the HEALPix projection image can be rotated by 45
• and then partitioned with horizontal-vertical aligned nested square grids to produce another cubic DGGS with features (i)-(vi). The drawback there, though, is that all parallels of latitude project to the plane at 45
• angles, which can confuse human viewers. So we do not pursue that DGGS here.
standard area-preserving fashion, (b) map the authalic sphere onto the plane with the HEALPix projection, (c) define the usual HEALPix planar grid system, and (d) map this grid system back to the ellipsoid by applying inverses. This process preserves features (i)-(iv) of the HEALPix DGGS, because the map in step (a) preserves local areas, sends meridians to meridians, parallels to parallels, and has low average distortion. For the mathematical details, see Appendix A.
To define the rHEALPix DGGS, we also follow process (a)-(d) but instead use a rearranged version of the HEALPix projection in (b) and a simpler horizontal-vertical aligned square grid system in (c). More specifically, for step (b) we map the authalic sphere to the plane via the (n, s)-rHEALPix projection for some choice of integers 0 ≤ n, s ≤ 3; see Figure 1 Just like the HEALPix projection, the (n, s)-rHEALPix projection is equiareal -by which we mean equal areas on the sphere map to equal areas on the plane-with area scaling factor 3π/8.
For step (c), recursively construct a sequence G 0 , G 1 , G 2 , . . . of nested grids on the planar projection as follows. Let G 0 be the set of 6 squares of width R q π/2 whose upper left vertices lie at R q (−π + nπ/2, 3π/4), R q (−π, π/4), R q (−π/2, π/4), R q (0, π/4), R q (π/2, π/4), and R q (−π +sπ/2, −π/4). Choose an integer N side ≥ 2 and for each integer i ≥ 0 let G i+1 be the grid obtained by refining each square of grid G i into N side × N side isomorphic sub-squares. Then each grid G i comprises 6 · N side . Define the nucleus of each cell to be its centroid. Call each planar grid G i the (n, s)-rHEALPix planar grid of resolution i, and call the nested sequence G := (G 0 , G 1 , G 2 , . . .) of planar grids the (n, s)-rHEALPix planar grid hierarchy; see the left side of Figure 2 . Strictly speaking, G is not a DGGS, since each of its grids does not partition the ellipsoid but rather a planar projection of it.
Map each planar grid G i and its nuclei set back to the ellipsoid via the inverse (n, s)-rHEALPix projection, call the resulting ellipsoidal grid G i the (n, s)-rHEALPix ellipsoidal grid of resolution i, and call the nested sequence G := (G 0 , G 1 , G 2 , . . .) of ellipsoidal grids the (n, s)-rHEALPix ellipsoidal grid hierarchy; see the right side of Figure 2 . This latter hierarchy is the (n, s)-rHEALPix DGGS. Each grid G i comprises 6 · N 
side , since the (n, s)-rHEALPix map projection is equiareal with area scaling factor 3π/8. Note that the nucleus of an ellipsoidal cell, being the inverse image of the nucleus of its corresponding planar cell, is in general not its ellipsoidal centroid; see Section 7 for a calculation of the centroid. Note also that for the area R side of an ellipsoidal cell to be at most A square meters, the resolution resolution i must be at least log(R 2 q (2π/3)A −1 )/(2 log N side ) . For example, for N side = 3 the cells of G i have area no greater than one square meter when i ≥ 15; G 15 has 6 · 9 15 = 1, 235, 346, 792, 567, 894 cells. Besides being hierarchical and recursive, the hierarchies G and G are both congruent, that is, each resolution i cell is a union of resolution i + 1 cells; when N side is odd the hierarchies G and G are both aligned, that is, each resolution i cell nucleus is the nucleus of a resolution i + 1 cell; the hierarchies G and G both have a constant aperture of N 2 side , that is, each resolution i cell has N 2 side times the area of its resolution i + 1 subcells. As a running example throughout this paper we use the (1,2)-rHEALPix DGGS with N side = 3. The choice of N side = 3 produces aligned hierarchies with the greatest number of resolutions per fixed maximum areal resolution.
Cell ID
For reference we assign unique names to the cells of the planar hierarchy G that are shared with the corresponding cells of the ellipsoidal hierarchy G . These names echo the tree structure of the hierarchies and are defined as follows.
Let Γ be the set of all strings beginning with one of the letters N, O, . . . , S and followed by zero or more of the integers 0, 1, . . . , N The ellipsoidal grid G i is symmetric with respect to a π/2 longitudinal rotation or a π/2 latitudinal rotation of the ellipsoid and comprises 6 · N 2i side cells of equal areas and of four different shape types. Each cell, except for the two cells centered at the poles, has its northern edge/vertex lying on one parallel and its southern edge/vertex lying on another parallel.
In the equatorial region of the ellipsoid, the region of authalic latitudes of magnitude at most 41.8
• approximately, there are 4 · N 2i side cells, all of which are ellipsoidal quadrangles with longitude-latitude-aligned edges. We call an ellipsoidal cell of this shape a quad cell; see cell P 1 in In the polar region of the ellipsoid, the non-equatorial region, there are 2 · N 2i side cells of three different shape types, or two different shape types if N side is even. Half of these cells lie in the north polar region and the other lie in the south polar region. Since these two polar grid regions are isomorphic, let us just consider the north polar region, say. In that region, if N side is odd, then there is one cell whose nucleus lies at the north pole and whose shape is an ellipsoidal cap, that is, the boundary of the cell lies along a single parallel. We call an ellipsoidal cell of this shape a cap cell; see cell N 4 in √ k) parallels. This square root dependence also holds for the HEALPix DGGS. Indeed, it was designed into it to so that computing spherical harmonics is relatively fast. Computing spherical or ellipsoidal harmonics on the ellipsoid involves computing Legendre polynomials at each nucleus parallel, which is recursive and slow, and so the fewer the parallels, the faster the computation [GHB + 05, Section 5] [Nes11] . For comparison, the COBE DGGS [CO75] used by NASA before HEALPix has Θ(k) nucleus parallels at each grid resolution.
Cell Boundaries and Neighbors
Because the image of an rHEALPix map projection does not completely contain its boundary (see Figure 1) , the cells of G and G cannot contain all their edges. Let us declare somewhat arbitrarily that cells N and S contain none of their edges and that cells O-R contain their left, top, and bottom edges. Recursing, let us declare that each child cell contains its left and top edges unless it shares a boundary with its parent, in which case it inherits it parent's boundary. For example, cell N 5 contains its left and top edges, and cell N 0 contains none of its edges. The figures herein depicting cells ignore these subtleties of boundary by representing all boundaries with solid lines.
Every ellipsoidal cell c shares an edge with four other cells, which we call the neighbors of c. Additionally, c shares a boundary point with three or four other cells, depending if c is a dart or not, respectively. For simplicity, we do not consider these three or four other adjacent cells neighbors of c. For a cell on the boundary between the equatorial and polar region of the ellipsoid, the names of its neighboring cells depend on the parameters n and s of the chosen (n, s)-rHEALPix projection, that is, on how the polar triangles of the HEALPix map projection are combined. For example, in the (1, 2)-rHEALPix DGGS with N side = 3, the neighbors of P 0 are N 6, O2, P 3, and P 1. In the (0, 2)-rHEALPix DGGS with N side = 3, the neighbors of P 0 are N 8, O2, P 3, and P 1.
The cell adjacency structure of the ellipsoidal hierarchy G induces a cell adjacency structure on the planar hierarchy G that can be visualized by folding G 0 into a cube along its cell edges, and this is how the rHEALPix DGGS can be construed as a geodesic DGGS; see Figure 4 . Projecting these vertices onto the ellipsoid produces the vertices of the corresponding ellipsoidal cell, if it is a quad cell or a skew quad cell. If the ellipsoidal cell is a dart or a cap cell, one or four of the projected points, respectively, will be non-vertex boundary points. Projecting the nucleus of a planar cell onto the ellipsoid produces the nucleus of the corresponding ellipsoidal cell by definition.
Cell Centroid
By definition, the centroid of a planar cell is its nucleus and projecting this nucleus back onto the ellipsoid yields the nucleus of the corresponding ellipsoidal cell. But in general, the centroid of an ellipsoidal cell is not its nucleus. In other words, cell nuclei are preserved under the rHEALPix projection but centroids are not. We can compute the centroid of an ellipsoidal cell by integration and symmetry as follows.
Let r denote an rHEALPix map projection of the ellipsoid and observe that the average value of a real function f (λ, φ) on an ellipsoidal cell c is (f • r −1 )(x, y)dxdy when parametrized by planar coordinates (x, y). The factor 8/(3π) is the area scaling factor of r −1 , which is the reciprocal of the area scaling factor of r, and r[c] is the planar projection of c. Applying this average value formula to the longitude f (λ, φ) = λ and and latitude f (λ, φ) = φ functions gives the coordinates (λ, φ) of the centroid of cell c:
φ are the longitude and latitude components of r −1 , respectively. For several ellipsoidal cell shapes we can skirt these integrals. By symmetry the centroid of every cap cell is its nucleus, namely (−π, ±π/2). Since every quad cell is longitudelatitude aligned, its centroid is the average of its two longitudinal extremes and the average of its two latitudinal extremes. In particular, the longitude of its centroid is the longitude of its nucleus. Also, every dart cell is bisected by a meridian, and so the longitude of its centroid is the longitude of its nucleus. The following table summarizes these observations with (λ n , φ n ) denoting the cell's nucleus.
Note that from a cell's ID we can compute x 1 , x 2 , y 1 , y 2 , w, λ n , and φ n by the method in Section 6. The integral for λ for a skew quad cell can be computed exactly. This is most easily done by considering the HEALPix projection of the cell and using the formula for the longitude component of the inverse HEALPix projection given in Appendix A:
2(x 0 /R q + π) π (x 0 , y 0 ) = the HEALPix projection of the cell's nucleus.
The integral for φ for a skew quad cell or a dart cell, however, must be computed approximately/numerically, because there is no closed form formula for r −1 φ (x, y), because there is no closed form formula for latitude in terms of authalic latitude; see Appendix A.3.
Cell from Point
Given a point (x, y) in the rHEALPix planar image and an integer i ≥ 0, we can compute the ID of the resolution i cell that contains (x, y) as follows. First compute by cases the resolution 0 cell c containing (x, y). Then compute the horizontal and vertical distances from (x, y) to ul(c):
(∆x, ∆y) := (| ul(c) x − x|, | ul(c) y − y|).
Then find out how far along the width R q π/2 of c lie ∆x and ∆y by computing the base N side expansions (0.s) N side and (0.t) N side of ∆x/(Rπ/2) and ∆y/(Rπ/2), respectively. Truncating s and t at i digits then gives the column and row IDs, respectively, of the resolution i cell d containing (x, y):
We can do the same for points on the ellipsoid by projecting them into the plane and then carrying out the computation above.
Cell from Region
Given a region A in an rHEALPix planar image that is bounded by an axis-aligned rectangle specified by, say, upper left and lower right vertices u and v, respectively, we can compute the smallest cell c wholly containing A, if it exists, as follows. For i from 0 to ∞, compute the IDs of the resolution i cell containing u and the resolution i cell containing v, and halt at the first index r at which the two IDs disagree. Then the longest (length r) common prefix of these two IDs will be the ID of c. In case the longest common prefix is the empty string, then no cell entirely contains the region A.
We can do the same analysis for regions on the ellipsoid bounded by an longitudelatitude aligned ellipsoidal quadrangle by first projecting the quadrangle into the plane, calculating its axis-aligned bounding rectangle, and then proceeding as above.
Conclusion
Having now detailed enough of the rHEALPix DGGS for a basic implementation, let us stop here. As we have seen through properties (i)-(vi) enumerated in Section 1, the rHEALPix DGGS is a good choice of DGGS for the storage and analysis of spatial data on an ellipsoid of revolution, especially when harmonic analysis is required.
No single DGGS is ideal for all tasks, however [KSWS99] , and the rHEALPix DGGS is no exception. As we mentioned in the introduction, it is not ideal in applications that require grids with uniform adjacency. We also suspect that it in not ideal in applications that require near equidistance of cell nuclei or extreme cell compactness. In that case, grids with triangular or hexagonal cells might be better [GKWS08] . In future work we would like to explore this suspicion by computing nuclei spacing and compactness metrics for the rHEALPix DGGS and comparing them to other DGGSs.
Appendix A. The HEAPix Projection
The HEALPix map projection of a given sphere is the H = 4, K = 3 member of an infinite family (parametrized by positive integers H and K) of map projections of the sphere. As observed in [CR07] , it is the hybrid of a rescaled Lambert cylindrical equal area projection on equatorial latitudes |φ| ≤ φ 0 := arcsin(2/3) and a 4-times interrupted Collignon projection on polar latitudes |φ| > φ 0 ; see Figure 1(a) .
Some of its features are: (i) It is an equiareal projection (by which we mean equal areas on the sphere map to equal areas on the plane) with area scaling factor 3π/8 and low average angular and linear distortion. 
See Figure 1(a) . Consequently, its inverse is h −1
These formulas come from [CR07] .
A.2. Distortion of the Sphere. Every map projection necessarily distorts angles, lengths, or areas of the sphere [Eul78] . These distortions can be quantified by a map projection's local scales, which we now compute for the HEALPix map projection according to [BS95, Section 1.6] and [Sny87, Section 4]. For this we need the partial derivatives of p and h := h R on the interior of D:
) cos φ, 3π 8σ cos φ) else.
Notice that ∂p/∂λ and ∂p/∂φ are orthogonal since their dot product is 1. Notice also that cos φ/σ tends to 2/3 as |φ| approaches π/2.
The local linear scale of a map projection at a given point and in a given direction is the reciprocal of the ratio of the length of an infinitesimal segment on the sphere to the length of the projected segment in the plane. The HEALPix local linear scales along parallels of latitude and meridians of longitude, respectively, are
Here |(a, b)| denotes the Euclidean norm √ a 2 + b 2 . The local area scale of a map projection at a point is the reciprocal of the ratio of the area of an infinitesimal parallelogram on the sphere to the area of its projection on the plane. For HEALPix this scale is
where Jh(λ, φ) denotes the Jacobian determinant of h(λ, φ). Since a map projection is equiareal if and only if s A is constant, we see that the HEALPix map projection is indeed equiareal. HEALPix preserves local angles on the sphere (is conformal) at points satisfying s P = s M and ∂h/∂λ · ∂h/∂φ = 0, namely at points with latitude φ = ± arccos( 8/(3π)) ≈ ±22.88
• . Under a general map projection an infinitesimal circle on the sphere centered at a given point projects to an infinitesimal ellipse on the plane, called the Tissot ellipse of the point. The major and minor radii, A and B respectively, of the Tissot ellipse are related to the local scales above by two theorems of Apollonius on conjugate ellipse diameters:
The radii of the Tissot ellipse at a point can be used to quantify a projection's local maximum angular distortion, local linear distortion, and local areal distortion at the point via the quantities
respectively. Half of the first quantity is the greatest angular change a pair of perpendicular lines meeting at the given point on the ellipsoid undergo when projected onto the plane. For a conformal projection, this quantity is 0 (no angular distortion) at all points. The second quantity is the aspect ratio of the Tissot ellipse. For a conformal projection, this quantity is 1 (no linear distortion) at all points. The third quantity is the area of the bounding rectangle of the Tissot ellipse and also the local area scale. For an equiareal projection, this quantity is a single constant at all points. For an area-preserving projection, this quantity is 1 (no areal distortion) at all points.
Thus, reasonable measures of the global maximum angular distortion, global linear distortion, and global areal distortion of a map projection are the mean, standard deviation, minimum, maximum and median of the respective quantities ( ). Table 1 presents sampling estimates of these measures for HEALPix and other map projections of the sphere of Earth mean radius 6,371,000 m (cf. [GG07] ).
A.3. Formulas for the Ellipsoid. Let E 2 a,b ⊂ R 3 denote the ellipsoid of revolution centered at the origin with major radius a and minor radius b. For definiteness here, assume the ellipsoid is oblate, that is, it is generated by revolving an ellipse about its minor axis. By a map projection of the ellipsoid, we mean an injective function from E 2 a,b to the plane R 2 . In cartography, points on the ellipsoid are usually described in terms of their longitude and geodetic latitude, that is, via the bijective parametrization
Here η is the parametric latitude of a point § , which can be expressed in terms of geodetic latitude via
Here e = 1 − (b/a) 2 is the eccentricity of the ellipsoid. Since tan η = (1 − e 2 ) tan φ we have
As in the the spherical scenario, specifying a signature function f : D → R 2 uniquely determines a map projection f • p −1 of the ellipsoid. As promised, we extend the HEALPix map projection to the ellipsoid E Here β represents authalic latitude, which can be expressed in terms of geodetic latitude via
Authalic latitude is slightly smaller in magnitude than geodetic latitude, but the two coincide at the poles and equator. The radius of the authalic sphere is R q = a q(π/2)/2. § The geodetic latitude φ of a point X on E when X is off the equator and poles.
The parametric latitude η of a point X on E Table 1 . Sample mean, standard deviation, minimum, maximum, and median for the maximum angular distortion function 2 arcsin((A − B)(A + B)), the linear distortion function A/B, and the areal distortion function AB for PROJ.4 implementations of various common global map projections of the sphere of Earth mean radius 6,371,000 m. Here A and B denote the major and minor radii of the Tissot ellipse of a longitude-latitude point. We used a sample of 30,000 points chosen uniformly at random from the surface of the sphere (and not simply uniformly at random from the rectangle D).
The sphere was decapitated at latitudes ±89.5
• , because some of the projections above are undefined at the poles.
Though l is a bijection, its inverse cannot be written in closed form. To calculate geodetic latitude φ approximately from authalic latitude β, it is common to use the truncated series approximation We define the signature function of the HEALPix map projection of the ellipsoid E 2 a,b
to be h Rq • l.
A.4. Distortion of the Ellipsoid. As for the sphere, to evaluate the distortion of the ellipsoid E 2 a,b under the HEALPix map projection we compute the projection's local scales.
) and the latter composite function preserves area, the local area scale is
For the local linear scales we need the partial derivatives of p, l, and h on the interior of D: ∂ p ∂λ = (−a sin λ cos η, a cos λ cos η, 0)
Notice that ∂ p/∂λ and ∂ p/∂φ are orthogonal since their dot product is 1. The last equality follows from the fact that the local area scale of p
Using the derivatives above and b 2 = a 2 (1 − e 2 ) we get
The HEALPix map projection of the ellipsoid is conformal at points satisfying s P = s M and ∂h/∂λ · ∂h/∂φ = 0, that is, points for which (3π/8)a 2 cos 2 φ = R 2 q (1 − e 2 sin 2 φ), that is, points at latitude φ ≈ ±23.10
• . The formulas for the radii of the Tissot ellipses of the ellipsoid in terms of s P , s M , and s A are the same as for the sphere. Table 2 presents sampling estimates of the mean, standard deviation, minimum, maximum and median of A/B and AB on the WGS84 ellipsoid. We did not include the popular universal transverse Mercator (UTM) conformal map projection (or collection of projections) of the WGS84 ellipsoid, because, although it has approximately no linear or areal distortion on its domain, its domain is not really global, being restricted to latitudes south of 84
• N and north of 80
Appendix B. The rHEALPix map projection
The rHEALPix map projection was first described in passing in [CR07, Figure 5 ] and is the following simple rearrangement of the HEALPix map projection. Consider the image of the HEALPix map projection of the sphere or ellipsoid, number its north polar triangles 0-3 from east to west, and do the same for the south polar triangles; see Figure 1 (a). Given integers 0 ≤ n, s ≤ 3, combine the north polar triangles of the HEALPix map projection into a square upon north polar triangle n, and combine the south polar triangles into a square upon south polar triangle s. More specifically, rotate north polar triangle i by (n + i) mod 4 quarter turns counterclockwise about its center and translate it so that its former north tip lies on the north tip of triangle n, and rotate south polar triangle i by (s + i) mod 4 quarter turns clockwise about its center and translate it so that its former south tip lies on the south tip of triangle s. Call the result the (n, s)-rHEALPix map projection. For example, the (1,2)-rHEALPix map projection of the unit sphere is pictured in Figure 1(b) .
Key features of the (n, s)-rHEALPix map projection are: (i) It is an equiareal map projection with area scaling factor 3π/8 and low average angular and linear distortion. Table 2 . Sample mean, standard deviation, minimum, maximum, and median for the maximum angular distortion function 2 arcsin ((A − B)(A + B) ), the linear distortion function A/B, and the areal distortion function AB for PROJ.4 implementations of various common global map projections of the WGS84 ellipsoid. Here A and B denote the major and minor radii of the Tissot ellipse of a longitude-latitude point. We used a sample of 30,000 points chosen uniformly at random from the surface of the ellipsoid (and not simply uniformly at random from the rectangle D). The ellipsoid was decapitated at latitudes ±89.5 • , because some of the projections above are undefined at the poles. Since an rHEALPix map projection is identical to the HEALPix map projection in the equatorial region, its spherical and ellipsoidal versions are also conformal at points with latitude ≈ ±22.88
• and ≈ ±23.10
• , respectively. Since the rHEALPix and HEALPix map projections are rigid transformations of each other, their local scales are identical at longitude-latitude points that map to the interiors of both projection images, which is almost all points, all points off a set of measure zero to be more precise. This fact is reflected statistically in identical entries in Tables 1 and  2 for the two projections.
